Abstract. We present sufficient conditions for topological stability of averagings of piece-wise differentiable functions f : R → R having finitely many local extremes with respect to measures with locally constant densities.
Introduction
Let µ be a probability measure on [−1, 1] , that is a non-negative σ-additive measure defined on the Borel algebra of subsets of [−1, 1] and such that µ[−1, 1] = 1. Then for each continuous function f : (a, b) → R and a number α > 0 satisfying 2α < b − a one can define a new measurable function f α : (a + α, b − α) → R defined by:
f (x + tα)dµ.
(1.1)
We will call it an α-averaging of f with respect to the measure µ. If µ has a density function p, then f α is a convolution of f with p, see Remark 1.5 below. Averaging of functions plays an important role in the problem of signals processing and are called linear filters, [6] , [8] , [10] .
The present paper continues the authors work [9] on topological stability of averagings of continuous functions, see Definitions 1.1, 1.2, and 1.3 below. Definition 1.1. (e.g. [2] , [11] ). Two continuous functions f : (a, b) → R and g : (c, d) → R are topologically equivalent if there exist orientation preserving homeomorphisms h : (a, b) → (c, d) and φ : R → R such that φ • f = g • h, that is the following diagram is commutative.
(a, b)
The problem topological stability of averagings has applications to computation of entropy of digital signals, [4] , [1] , [7] .
Let C 0 (R) be the space of all continuous functions R → R and H + (R) be the group of all orientation preserving homeomorphisms of R. Evidently, H + (R) consists of all strictly increasing surjective continuous functions h : R → R. Then the product H + (R) × H + (R) acts on the space C 0 (R) by the following rule: if (h, φ) ∈ H + (R) × H + (R) and f ∈ C 0 (R), then the result of the action of (h, φ) on f is the function φ • f • h −1 : R → R. This action is one of the main objects of study in singularities theory, see [5] , [3] .
Notice that f, g ∈ C 0 (R) are topologically equivalent if and only if they belong to the same orbit with respect to the above action of H + (R) × H + (R). For f ∈ C 0 (R) define the following path started at f :
Evidently, f ∈ C 0 (R) is topologically stable with respect to averaging by measure µ if and only if a "small initial part" of this path, i.e. γ f [0, ε] for some ε > 0, is contained in the orbit of f .
Thus the averaging is a linear operation on C 0 (R) of all continuous functions R → R, while topological equivalence arises from non-linear actions of the group H(R) × H(R).
In [9] the authors obtained sufficient conditions for topological stability of continuous functions f : R → R having finitely many local extremes with respect to averagings. It is shown that this global problem reduces to a stability of germs of f near these local extremes. In the present paper we will prove that those sufficient conditions are also necessary, see Definition 1.3 and Theorem 1.4 below. Thus the problem of global stability is equivalent to a local problem of stability of germs.
Let f : (R, a) → R be a germ of continuous function at some a ∈ R, that is f is a continuous function defined on a small interval (a − ε, a + ε) for some ε. If α < ε, then f α is defined on (a − ε + α, a + ε − α), and so its germ at a, clearly, depends on only of the germ of f at a.
Notice that in general the germs f and f α at a are not topologically equivalent: local extremes can move under averaging. This leads to the following definition: Definition 1.3. Say that a germ f : (R, a) → R is topologically stable with respect to averaging by measure µ, if there exists ε > 0 such that for each α ∈ (0, ε) there exist numbers c 1 , c 2 ,
are topologically equivalent. (a) f is topologically stable with respect to averagings by measure µ; (b) for each i = 1, . . . , n the germ f : (R, x i ) → R at x i is topologically stable with respect to averaging by measure µ.
The implication (b)⇒(a) is established in [9] . We will prove that (a)⇒(b). Thus for functions "of general position" the problem completely reduces to study local stability of germs at local extremes.
In [9] the authors also obtained sufficient conditions for topological stability of germs with respect to averagings by discrete measures with finite supports. In the present paper we give sufficient conditions for topological stability of germs with respect to measures with piece wise continuous (and in particular with piece wise constant) densities, see Theorems 3.5 and 4.1. 
and so µ α is also a probability measure. Moreover,
The last integral is called a convolution of f and p α and denoted by f * p α . Usually in the formula for convolution one uses f (x−s) instead of f (x+s). But this is not essential and plays a role only for certain useful algebraic properties of convolution. For our purposes it will be convenient to use sign + .
Proof of Theorem 1.4
The implication (b)⇒(a) is established in [9] . Let us show that (a)⇒(b). Suppose that f is topologically stable with respect to averagings by µ. This means that there exists ε > 0 such that for each α ∈ (0, ε) there are two homeomorphisms
In particular, f α has n local extremes h α (x i ), i = 1, . . . , n, and takes at them values f α (h α (x i )) = φ α (f (x i )). We should prove that the germ of f at x i is topologically stable with respect to averaging by measure µ.
Decreasing ε one may assume that
Since f is strictly monotone on the intervals
one easily checks, see [9, Lemma 2.1] , that f α is strictly monotone on
Piece wise differentiable functions
In this section we will give sufficient conditions for topological stability of local extremes with respect to averaging by measures having locally continuous densities, see Theorem 3.5. f (t). In this case we will also write that f ∈ C 0 ([a, b], t 1 , . . . , t n ).
Say that a continuous function f : [a, b] → R is piece wise k-differentiable, k ≥ 1, if there exist finitely many points t 1 , · · · , t n ∈ (a, b) such that f has continuous derivatives of all orders ≤ k on [a, b] \ {t 1 , . . . , t n } and for each i = 1, . . . , n and s = 1, . . . , k there exist finite left and right limits
In this case we will also write
Evidently, the sum and the product of piece wise continuous (k-differentiable) functions is piece wise continuous (k-differentiable) as well. Moreover, for k ≥ 1 the derivative of a piece wise (k + 1)-differentiable function can be defined (in arbitrary way) at discontinuity points to give a piece wise k-differentiable function.
The following lemma is well known for continuously differentiable functions:
Suppose that one of the following conditions holds true:
. . , t n }, and lim
Then f is strictly convex.
Proof. We will use the following notation for the left and right derivatives of f ′ :
strictly increases on each of the segments
Moreover, we also have that f
. . , t n }, that is condition (1) holds true.
(1) Since f ′ is piece wise continuous and strictly increases on
Let x < y ∈ [a, b] and t ∈ (0, 1). Then
In particular, if s ∈ (0, 1) and z = (1 − s)x + sy ∈ (x, y), then
Multiplying the first inequality by 1 − s, the second inequality by s, adding them and taking to account that f
This proves strict convexity of f .
In what follows we will assume that p : [−1, 1] → [0, +∞) is a piece wise continuous function such that 
be its averaging by measure µ. Then f α belongs to the class C 1 . If f is also piece wise k-differentiable (resp. belongs to the class C k ) for k ≥ 1, then f α is piece wise (k + 1)-differentiable (resp. belongs to the class C k+1 )
Proof. Notice that
Since f is continuous, its derivative f ′ is given by the following formula:
and so it is continuous as well. It also follows that f ′ α is piece wise k-differentiable as well as f . Therefore f α is piece wise (k + 1)-differentiable. Moreover,
for all x at which the right hand side is continuous. If f belongs to the class C k , then, in particular, f = f l = f r , whence we get from (3.4) that f α belongs to the class C k+1 . Proof. Since f is continuous, we get from Lemma 3.3 that the averaging f α is a continuously differentiable function. By assumption (b) f ′ α strictly increases, whence by (1) of Lemma 3.2 we obtain that f α is strictly convex function. Since f α decreases on a neighborhood of the point −ε + α and increases in a neighborhood of ε − α, if follows that f α has a unique local minimum x α on the segment [−ε + α, ε − α]. This implies that the germ f at 0 is topologically equivalent to the germ of f α at x α . 
′ is continuous at 0 and h ′ (0) = 0. Then the germ of g at 0 is topologically stable with respect to averagings by measure µ.
Proof. Notice that condition (b) guarantees that f ′ α strictly increases, whence we obtain from (a) and Lemma 3.4 that f is topologically stable with respect to averagings by measure µ. We should prove that under condition (c) the function g = f + h ( perturbation of f with h) is also topologically stable with respect to averagings by µ.
Since g is continuous and piece wise 1-differentiable, we get from Lemma 3.3 that g Since h ′ is continuous at 0 and h(0) = 0, we have that h(x) = xk(x), where
In particular, k is continuous and
and n be the number of discontinuity points of the density p of measure µ, see Eq. (3.3).
Then there exists δ > 0 such that |k(x)| <
Then for all x ∈ [−α, α] and i = 0, . . . , n + 1 we have the following inequality:
|x − t i α| < |x| + |t i |α ≤ α + α = 2α < δ, whence
Now we get from Lemma 3.3 that at each x ∈ [−α, α], where h ′′ α is continuous, we have the inequality:
and so
Thus g ′ α strictly increases. Theorem 3.5 is completed.
Piece wise constant densities
Let −1 = t 0 < t 1 < · · · < t n < t n+1 = 1 be an increasing sequence of numbers, p 0 , . . . , p n ∈ [0, +∞) be some non-negative numbers such that p i = p i+1 for i = 0, . . . , n − 1. Define a piece wise constant function p : [−1, 1] → [0, +∞) by the formula: Figure 1 . Assume also that
Then p is the density function for the probability measure µ on the Borel algebra of
Hence for each continuous function f : R → R its α-averaging f α : R → R by µ is given by:
Notice that then 8) which is a particular case of Eq. (3.4). 
Suppose that for each i ∈ {0, . . . , n} at least on of the numbers X i and X i+1 is non-zero. Then the germ of g at 0 is topologically stable with respect to the averagings by measure µ.
The proof of Theorem 4.1 is based on the following lemma: Lemma 4.2. Let f : R → R be a continuous function defined by 
Then it follows from Eq. (4.10) and assumption that either X i+1 or X i is non-zero for all i ∈ {0, . . . , n}, that C > 0 and f
whence h ′ is continuous at 0 and h ′ (0) = 0. Thus condition (c) is also satisfied. Therefore by Theorem 3.5 the germ of g at 0 is topologically stable with respect to averagings by µ.
Consider three cases. a) If x + αt i < x + αt i+1 < 0 for some i = 0, . . . , n, then
b) Suppose x + αt i ≤ 0 ≤ x + αt i+1 for some i = 0, . . . , n − 1. This condition is equivalent to the assumption that x ∈ [−αt i+1 , −αt i ]. Figure 2 .
see Figure 2 . Then
c) If 0 < x + αt i < x + αt i+1 for some i = n − 1, . . . , 0, then similarly to the case a) we get that
Now we can prove Eq. (4.9) for f ′ α . Suppose that x ≤ α = αt 0 . Then x + αt i < x + αt n+1 ≤ 0 for all i, whence
If in the case b), x = −αt i+1 (1 − s) − αt i s ∈ [−αt i+1 , −αt i ] for some i = 0, . . . , n, then = (1 − s)X i+1 + sX i = X i+1 + s(X i − X i+1 ) x + αt 2 t 3 − t 2 (X 1 − X 2 ) = 0.
Hence f α is constant on [0, 0.5α], and so it is not topologically equivalent to f , see Figure 4 . Thus the assumptions of Theorem 4.1 are essential. 
